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Motivation

Figure: Riemer-Sørensen et al. (MNRAS 468, 3239)
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D/H measurment

� Lyman Series:

En =
µe4

2(4πε0~)2

1

n2
and µ =

Mme

M +me
,

where n is the principle quantum number, me and M are the mass
of electron and nucleus.
� Hydrogen and Deuterium: µH = 1836

1+1836 and µD = 3670
1+3670

� Lyman α: λH = 1215.67 Å, λD = 1215.34 Å

6 of 29



D/H measurment

� Lyman α: λH = 1215.67 Å, λD = 1215.34 Å

� Left: nH = 1016/cm2, nD/nH = 10−3 (solid), 10−4 (dashed)

� Right: nH = 1016 (dotted), 1018 (dashed) and 1019 (solid)
with nD/nH = 10−4
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Voigt Function

� Cross-section of a two-level system:

σ(ν) = cf

√
3πσT

8
φ(ν) ,

where ν is the incoming photon energy, f is the oscillator strength,
φ(ν) is the Lorentzian

φ(ν) =
Γ/4π2

(ν − ν0)2 + (Γ/4π)2
,

E = hν0, and Γ is the spontaneous decay rate.
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Voigt Function

� Doppler effect: ν0 → ν0

(
1 + vz

c

)
� Boltzmann distribution: N(vz) = exp(−v2z/(2kT/m))√

2πkT/m
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Voigt Function

� Intensity Profile: Iν = I0e
−Nαν , and

αν =

√
πe2

mec

f

∆νD
H(a, u) ,

where ∆νD = bν0
c , b =

√
2kT
m , u = (ν−ν0)

∆νD
and a = Γ

4π∆νD
.

� Voigt Function:

H(a, u) =
a

π

∫ ∞
−∞

e−y
2
dy

(u− y)2 + a2
.
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Voigt Function

� Absorption and Voigt Function:
� Two-level system ⇒ Lorentzian profile
� Convolution of Boltzmann and Lorentzian
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Kramers-Heisenberg Formula

� Kramers-Heisenberg formula

dσ

dΩ
= r2

0

(
ν ′

ν

) ∣∣∣∣∣δif~εα~εα′ + 2πmeνnfνni
~

∑
n

[
(~x · ~εα′)fn(~x · ~εα)ni
νni − ν − iΓn/2

+
(~x · ~εα)fn(~x · ~εα′)ni

νni + ν ′

] ∣∣∣∣∣
2

,

where ν(εα) and ν ′(εα
′
) are the frequency (orientation) of the

incoming and outgoing photon, and

νab =
Ea − Eb

h
.
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Kramers-Heisenberg Formula
� Lyman α: 1s→ 2p→ 1s

Figure: Kiehunn Bach, Hee-Won Lee, JKAS 47, no.5, 187(2014)
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Kramers-Heisenberg Formula

� Kramers-Heisenberg formula

dσ

dΩ
= r2

0

(
ν ′

ν

) ∣∣∣∣∣δif~εα~εα′ + 2πmeνnfνni
~

∑
n

[
(~x · ~εα′)fn(~x · ~εα)ni
νni − ν − iΓn/2

+
(~x · ~εα)fn(~x · ~εα′)ni

νni + ν ′

] ∣∣∣∣∣
2

.

� Rayleigh Scattering (Elastic): 1s→ np→ 1s

� Raman Scattering (Inelastic): 1s→ np→ n′s or n′d

� Example: 1s→ 4p→ Final states (1s, 2s, 3s and 3d)
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Kramers-Heisenberg Formula

� σ(ν) = σRayleigh(ν) +
∑

f σ
Raman
f (ν).

� Doppler effect: νni → νni
(
1 + vz

c

)
.

� Boltzmann distribution: N(vz) = exp(−v2z/(2kT/m))√
2πkT/m

.
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Cross Section
� Lyman Series:
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Cross Section
� Lyman α:
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Cross Section
� Lyman β:
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Cross Section
� Lyman γ:
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Intensity
� Lyman α with logN = 13.0:
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Intensity
� Lyman α with logN = 21.6:
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Intensity
� Lyman β with logN = 21.6:
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Intensity
� Lyman γ with logN = 21.6:
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Fitting

� δ(D/H) ≡ nvoigt−fit
nfid

− 1

� Fitting Region:
� blue: Lyα - Ly14
� red: Lyα - Ly12
� yellow: Lyα - Ly7
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Fitting

� Fit the fiducial with Lyα - Ly7
� Left: Lyman 7 (n = 1→ 8) with logN = 20.6
� Right: Lyman 7 (n = 1→ 8) with logN = 21.6
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Summary

� Deuterium Abundance
� QSO: D/H = (2.55± 0.03)× 10−5

� CMB: D/H = (2.45± 0.05)× 10−5

� Speed:
� Voigt Profile: quick!!
� Karmers-Heisenberg: slow!!
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